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1. Introduction and main results
Let F be a ﬁeld of characteristic 2. Throughout this paper, the expression “bilinear form” means
“ﬁnite-dimensional regular symmetric bilinear form.”
For a ﬁeld extension L/F and a bilinear (or quadratic) form B over L, we say that B is deﬁnable
over F if B is isometric to CL for some bilinear (or quadratic) form C over F . If moreover, C is unique,
then we say that B is deﬁned (by C ) over F .
For a1, . . . ,an ∈ F ∗ := F\{0}, let 〈a1, . . . ,an〉b denote the bilinear form given by the polynomial∑n
i=1 aixi yi . The set of bilinear forms isometric (resp. similar) to n-fold bilinear Pﬁster forms over F
will be denoted by BPn(F ) (resp. GBPn(F )).
To a bilinear form B with underlying vector space V , we associate a unique quadratic form B˜
given on V by: B˜(v) = B(v, v) for v ∈ V . The function ﬁeld of B , denoted by F (B), is by deﬁnition
the function ﬁeld of B˜ . The standard splitting tower of a nonzero bilinear form B is the sequence of
forms and ﬁelds deﬁned as follows:
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F0 = F and B0 = Ban,
For n 1: Fn = Fn−1(Bn−1) and Bn =
(
(Bn−1)Fn
)
an,
where Can denotes the anisotropic part of a bilinear form C . The height h(B) of B is the smallest
integer h such that dim Bh  1, where dimC denotes the dimension of a bilinear form C . As was
done by the ﬁrst author in [13], we associate to the form B another numerical invariant deg(B),
called the degree of B , as follows: If h = h(B) and (Bi, Fi)0ih is the standard splitting tower of B ,
then the form Bh(B)−1 is of height 1. By the classiﬁcation of height 1 bilinear forms [13, Th. 4.1],
there exists a unique bilinear Pﬁster form π over Fh(B)−1 such that Bh(B)−1 is similar to π or to the
pure part of π according as dim B is even or odd. If dim B is even, then we put deg(B) = d where
dimπ = 2d . Otherwise, we put deg(B) = 0.
We call π the leading form of B . The form B is called good if π is deﬁnable over F , and in
this case, we know from [13, Prop. 5.3] that π is deﬁned over F by a d-fold bilinear Pﬁster form.
For example, if B is of even dimension and nontrivial determinant, then it is good of degree 1 and
leading form (〈1,det B〉b)Fh−1 .
An important problem considered in [13] is the classiﬁcation of bilinear forms by height and de-
gree. Bilinear forms of height 1 are completely classiﬁed as we said before in the deﬁnition of the
degree. For good bilinear forms of height 2, the ﬁrst author gave in [13] a complete classiﬁcation of
those of degree 0, and a partial classiﬁcation of those of degree  1. In this paper, we complete the
classiﬁcation of bilinear forms which are good of height 2 and degree 1 or 2, and with [13, Th. 5.10]
we get the following theorem:
Theorem 1.1. Let B be an anisotropic bilinear form over F which is good of height 2 and degree d = 1 or 2. Let
λ be the unique form in BPd(F ) such that λF (B) is the leading form of B. Then, we are in one of the following
cases:
(1) dim B = 2n with n  d + 1: In this case, there exist α ∈ F ∗ and π ∈ GBPn(F ) such that B ⊥ αλ ⊥ π is
metabolic, and π˜ is similar to B˜ if n > d + 1.
(2) dim B = 2m − 2d with m d+ 2: In this case, B  ρ ⊗ λ such that dimρ is odd and B ⊥ 〈detρ〉b ⊗ λ ∈
GBPm(F ).
Conversely, any anisotropic bilinear form satisfying the conditions described in (1) or (2) is good of height 2
and degree d.
Moreover, the ﬁrst author gave a formula on the possible dimensions of bilinear forms of height
2 (good or not) [13, Cor. 5.20]. As a consequence of it, we get that the dimension of any anisotropic
bilinear form of height and degree 2 (good or not) can be 2n , 2n − 2, or 2n − 4 for some n  3
[13, Comment after Remark 5.21]. Note that Theorem 1.1 shows that the integers 2n for n  3, and
2n − 4 for n  4 occur as dimensions of good anisotropic bilinear forms of height and degree 2. We
know by [13] that any anisotropic Albert bilinear form, i.e., a 6-dimensional bilinear form of trivial
determinant, is of height and degree 2 but not good. Before this work and except for the integer 6,
we did not know other integers which really do occur as dimensions of anisotropic nongood bilinear
forms of height and degree 2. Here, we clarify this point by proving the following theorem:
Theorem 1.2.
(1) There are 8-dimensional anisotropic nongood bilinear forms of height and degree 2.
(2) An anisotropic bilinear form B over F is nongood of height and degree 2 iff one of the following conditions
holds:
(i) B is an Albert form;
(ii) dim B = 8 and there exists an anisotropic Albert bilinear form θ , unique up to similarity, that becomes
isotropic over F (B) and satisﬁes B ⊥ θ ∈ I3F .
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good is new in comparison with what is known in characteristic 	= 2. In fact, in this case, Kahn proved
that a nongood anisotropic quadratic form of height and degree 2 is necessarily of dimension 6 and
trivial discriminant, i.e., an Albert quadratic form [6]. Kahn’s proof is based on the index reduction
theorem of Merkurjev [16,19]. But we do not have such a theorem for bilinear forms in character-
istic 2. In our case, we will be inspired from a descent method due to Kahn [7], and we will use
a result of Aravire and Baeza [1] to get the following theorem which is essential for the proofs of
Theorems 1.1 and 1.2:
Theorem 1.3. Let B be an anisotropic bilinear form over F of dimension  3, and τ an anisotropic form in
GBPd(F (B)), with d = 1 or 2. Let C be a bilinear form over F .
(1) Suppose that d = 2 and τ ⊥ CF (B) ∈ I3F (B). Then, there exists an Albert bilinear form θ over F such that
τ ⊥ θF (B) ∈ I3F (B). Furthermore, if dim B > 8, then there exists a unique form λ in BP2(F ) such that τ
is similar to λF (B) .
(2) Suppose that dim B > 2d+1 and τ ⊥ CF (B) ∈ Id+2F (B). Let λ be as in (1) if d = 2, or λ = 〈1,detC〉b if
d = 1. Moreover, suppose that B F (λ) is anisotropic or CF (λ) is metabolic. Then, τ is deﬁned over F by a
form similar to λ.
Obviously, statement (1) of Theorem 1.3 implies that an anisotropic nongood bilinear form of
height and degree 2 is of dimension 6 or 8. Moreover, as we see in Theorem 1.2, a complete classiﬁ-
cation of such bilinear forms consists in studying the isotropy of Albert bilinear forms over function
ﬁelds of quadrics. This is an affair of norm ﬁeld and norm degree (see Subsection 2.3 for the def-
initions). More precisely, for θ an Albert bilinear form such that θ˜ is nonzero, there exist scalars
x,u, v, r, s ∈ F ∗ such that θ  x〈r, s, rs,u, v,uv〉b (use [2, Prop. 3.5, p. 13] and the triviality of the de-
terminant of θ ). The norm ﬁeld of θ˜ is F 2(r, s,u, v), and if θ is anisotropic then [F 2(r, s,u, v) : F 2] = 8
or 16, since this degree is a power of 2, and it is at least equal to dim θ . If [F 2(r, s,u, v) : F 2] = 8,
then the quadratic form θ˜ is a quasi-Pﬁster neighbor of a quasi-Pﬁster form π (see [4, Def. 8.8], [4,
Prop. 8.9(ii)]), and θ becomes isotropic over the function ﬁeld of an anisotropic bilinear form B iff π
is isotropic over F (B) iff B˜ is similar to a subform of π (we use [4, Prop. 8.9(iii)] and [10, Prop. 2.4]).
If [F 2(r, s,u, v) : F 2] = 16 we ask the following question:
Question 1.4. Let θ be an anisotropic Albert bilinear form over F such that the norm ﬁeld of θ˜ is of
degree 16 over F 2. Let B be an anisotropic bilinear form of dimension  2 such that θF (B) is isotropic
and B˜ is not similar to C˜ for some C ∈ BP2(F ). Is it true that B˜ is similar to a subform of θ˜?
We have a partial answer to this question:
Proposition 1.5. Question 1.4 has a positive answer if dim B = 2 or 3.
For 8-dimensional nongood bilinear forms of height and degree 2, Theorem 1.2 can be reﬁned for
a special class of ﬁelds as follows:
Proposition 1.6. Let F be a ﬁeld of characteristic 2, and B an anisotropic bilinear form of dimension 8. Suppose
that F satisﬁes one of the following conditions:
(C1) Any form in BP4(F ) is isotropic.
(C2) Question 1.4 has a positive answer.
Then, the following statements are equivalent:
(1) B is of height and degree 2 but not good.
(2) There exist an anisotropic Albert bilinear form θ over F , a form π ∈ BP3(F ), and scalars x, y ∈ F ∗ such
that xB ⊥ yθ ⊥ π is metabolic, and the forms B˜ and θ˜ are similar to subforms of π˜ .
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a 2-basis consisting of at most three elements. Moreover, since there is an anisotropic bilinear form
B over F of dimension > 4, we get [F : F 2] = 8. If a,b, c ∈ F satisfy F = F 2(a,b, c), then the 3-fold
bilinear Pﬁster form C = 〈〈a,b, c〉〉 is anisotropic, and any anisotropic totally singular quadratic form
ψ over F is similar to a subform of C˜ , because the norm ﬁeld of C˜ is the ﬁeld F which contains the
norm ﬁeld of ψ . In particular, if dimψ > 4, then ψ is a quasi-Pﬁster neighbor of C˜ .
The rest of this paper is organized as follows. In the next section we recall some deﬁnitions,
notions and results on bilinear forms and totally singular quadratic forms, like Witt decompositions,
the notion of norm degree, and some facts on transfer for bilinear forms. After that, we give the
proofs of the results announced in this section. We start with the proof of Theorem 1.3 since we will
need it for the proofs of Theorems 1.1 and 1.2.
2. Backgrounds on bilinear forms
The details of most of the results that we present in this section can be found in [2,4,18].
2.1. Some deﬁnitions
A quadratic form ϕ is called totally singular if it is isometric to B˜ for some bilinear form B .
A bilinear (or quadratic) form C is called a subform of B , denoted by C ⊂ B , if B  C ⊥ C ′ for some
bilinear (or quadratic) form C ′ .
Two forms (bilinear or quadratic) B and C are called similar if B  αC for some scalar α ∈ F ∗ .
For a1, . . . ,an ∈ F , the quadratic form given by the polynomial ∑ni=1 aix2i will be denoted by〈a1, . . . ,an〉.
For a1, . . . ,an ∈ F ∗ , the form 〈1,a1〉b⊗· · ·⊗〈1,an〉b is called an n-fold bilinear Pﬁster form, denoted
by 〈〈a1, . . . ,an〉〉. (⊗ means the product of bilinear forms.) The 0-fold bilinear Pﬁster is the form 〈1〉b .
The pure part of a bilinear Pﬁster B is the unique form B ′ satisfying B  〈1〉b ⊥ B ′ .
Let I F be the ideal of the Witt ring W (F ) of bilinear forms of even dimension, and In F = (I F )n
for any n  0 (with I0F = W (F )). For n  1, the ideal In F is additively generated by n-fold bilinear
Pﬁster forms.
A basic result that we will use, called the Arason–Pﬁster Hauptsatz or simply the Hauptsatz, asserts
that any anisotropic bilinear form B in In F is of dimension  2n , and if dim B = 2n then B is similar
to an n-fold bilinear Pﬁster form [13, Lem. 4.8].
For any integer n 0, let In F denote the quotient In F/In+1F .
A quasi-Pﬁster form is a totally singular quadratic form ϕ such that ϕ  B˜ for some bilinear Pﬁster
form B . A totally singular quadratic form ψ is called a quasi-Pﬁster neighbor if it is similar to a
subform of a quasi-Pﬁster form ϕ and 2dimψ > dimϕ .
2.2. Witt decompositions
A quadratic (or bilinear) form B with underlying vector space V is called isotropic if B(v) = 0 (or
B˜(v) = 0) for some nonzero vector v ∈ V , and it is called anisotropic otherwise.
For any scalar a ∈ F , the 2-dimensional bilinear form given by the matrix
(
a 1
1 0
)
is called a
metabolic plane. Such a bilinear form is denoted by M(a). An orthogonal sum of metabolic planes
is called a metabolic bilinear form.
Two bilinear forms B and C are called equivalent, denoted by B ∼ C , if B ⊥ M  C ⊥ M ′ for some
metabolic forms M and M ′ .
For totally singular quadratic forms, the Witt decomposition states that any such quadratic form
ϕ decomposes as follows: ϕ  ψ ⊥ i × 〈0〉 for some integer i  0, and an anisotropic form ψ which
is unique up to isometry [4, Prop. 2.4]. We call ψ (resp. i) the anisotropic part of ϕ , denoted by ϕan
(resp. the defect index of ϕ , denoted by id(ϕ)).
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ric to an orthogonal sum of an anisotropic form and a metabolic form [8,17]. In this paper we need
the following reﬁnement of this decomposition:
Proposition 2.1. (See [13, Prop. 5.15].) Let B be a bilinear form over F of dimension  1. Then, there exist
a bilinear form C, a unique pair of integers (m,n), and scalars a1, . . . ,am ∈ F ∗ such that: B  C ⊥ M(a1) ⊥
· · · ⊥ M(am) ⊥ n × M(0) and C ⊥ 〈a1, . . . ,am〉b is anisotropic. Consequently:
(1) (B˜)an  C˜ ⊥ 〈a1, . . . ,am〉.
(2) m + dimC = dim(B˜)an .
With the same notations and hypotheses as in Proposition 2.1, the bilinear form C is unique, we
call it the anisotropic part of B , denoted by Ban. The Witt index of B is the integer m + n, denoted
by iW (B).
2.3. Norm degree
The norm ﬁeld of a nonzero totally singular quadratic form ϕ , denoted by NF (ϕ), is the ﬁeld
F 2(αβ | α,β ∈ DF (ϕ)), where DF (ϕ) is the set of scalars in F ∗ represented by ϕ . We denote by
ndegF (ϕ) the integer [NF (ϕ) : F 2], and we call it the norm degree of ϕ . It is clear that NF (ϕ) =
NF (αϕ) for any scalar α ∈ F ∗ . If ϕ is anisotropic and 2n < dimϕ  2n+1, then ndegF (ϕ) 2n+1, and
ndegF (ϕ) = 2n+1 if and only if ϕ is a quasi-Pﬁster neighbor. If ϕ and ϕ′ are anisotropic quadratic
forms such that ϕ is totally singular and ϕF (ϕ′) is isotropic, then ϕ′ is also totally singular and
NF (ϕ′) ⊂ NF (ϕ). We refer to [4, Section 8] for more details on norm ﬁeld and some of its appli-
cations.
2.4. Transfer
For a ﬁnite extension K/F , a bilinear form B over K with underlying vector space V , and
a nonzero F -linear map s : K −→ F , we get an F -bilinear form s∗(B) : V × V −→ F , given by
(v, v ′) → s(B(v, v ′)). We call it the transfer of B by s. As was proved in [18, Lem. 5.5, p. 47], the
bilinear form s∗(B) is also regular. Moreover, the transfer operation is compatible with isometry and
orthogonal sum. Since the transfer of a metabolic form is also a metabolic form, it is clear that we
get a group homomorphism s∗ : W (K ) −→ W (F ). By the same argument as in [18, Th. 5.6, p. 48], we
also have the Frobenius reciprocity which means that for a bilinear form B over F and a bilinear form
B ′ over K , there is an isometry s∗(BK ⊗ B ′)  B ⊗ s∗(B ′). Finally, let us denote by i∗ : W (F ) −→ W (K )
the ring homomorphism induced by the inclusion F ⊂ K .
3. Proof of Theorem 1.3
We start with preliminary results.
Lemma 3.1. Let d ∈ F ∗ \ F ∗2 and τ ∈ GBP2(F (
√
d )). If τ is deﬁnable over F , then there exists θ ∈ GBP2(F )
such that τ  θF (√d ) .
Proof. Let p,q, r, s ∈ F ∗ be such that τ  (〈p,q, r, s〉b)F (√d ) . By comparing determinants, we get s =
u2pqr for some u ∈ F (√d )∗ . Then, τ  (〈p,q, r, pqr〉b)F (√d ) . 
We need a computation due to Aravire and Baeza, and another one due to the ﬁrst author:
Theorem 3.2. (See [1, Cor. 3.3].) Let B = 〈〈a1, . . . ,an〉〉 be an anisotropic n-fold bilinear Pﬁster form. Then, the
kernel of the natural homomorphism ImF −→ Im F (B) is trivial if n >m, and it is equal to {ψ ⊗ 〈〈x1, . . . , xn〉〉 |
ψ ∈ Im−n F , and x1, . . . , xn ∈ F 2(a1, . . . ,an)∗} if nm.
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dimension > 2n. Then, the kernel of the natural homomorphism In F −→ In F (B) is trivial.
We give two lemmas on transfer which are well known for quadratic forms in characteristic 	= 2:
Lemma 3.4. Let L = F (√k )with k ∈ F ∗ \ F ∗2 , and s : L −→ F the F -linear map given by: 1 → 0 and√k → 1.
Then, an anisotropic bilinear form B ∈ W (L) satisﬁes s∗(B) = 0 if and only if B belongs to the image of the
homomorphism i∗ .
Proof. We use the same argument as for the proof of [18, Th. 5.10, p. 50]. 
Lemma 3.5. Let L = F (√k ) with k ∈ F ∗ \ F ∗2 , and s : L −→ F a nonzero F -linear map. Then, s∗(InL) ⊂ In F
for any integer n 0.
Proof. We use the same proof as for [18, Cor. 14.9] after generalizing without diﬃculty [18, Lem. 14.8,
p. 92] to the case of bilinear forms in characteristic 2. 
Proof of Theorem 1.3. Let B be an anisotropic bilinear form over F of dimension  3, and τ an
anisotropic form in GBPd(F (B)), with d = 1 or 2. Let C be a bilinear form over F .
(1) Suppose that d = 2 and τ ⊥ CF (B) ∈ I3F (B). We have to prove that there exists an Albert
bilinear form θ over F such that τ ⊥ θF (B) ∈ I3F (B).
Note that C ∈ I2F since CF (B) ∈ I2F (B) and dim B  3. We may suppose, modulo I3F (B), that
τ ∈ BP2(F (B)). We have F (B) = L(
√
k ) for a purely transcendental extension L/F and k ∈ L∗ \ L∗2.
Let s : F (B) −→ L be the L-linear map given by: 1 → 0 and √k → 1. We have τ ⊥ CF (B) ∈ I3F (B).
It follows from Lemma 3.5 that s∗(τ ⊥ C) = s∗(τ ) ∈ I3L. Since 〈1〉b ⊂ τ , we deduce by the Hauptsatz
that s∗(τ ) = 0. By Lemma 3.4, there exists θ1 a bilinear form over L such that τ ∼ (θ1)F (B) . By [11,
Cor. 3.5], we may suppose that dim θ1 = 4. By Lemma 3.1 and the multiplicativity of bilinear Pﬁster
forms, we may suppose that θ1 ∈ BP2(L). Since (θ1)F (B) ⊥ CF (B) ∈ I3F (B), we deduce that θ1 ⊥ CL
belongs to the kernel of the natural homomorphism I2L −→ I2L(√k ). By applying Theorem 3.2 in
the case m = 2 and n = 1, we conclude that θ1 ⊥ CL ⊥ D ⊗ 〈1, x2 + y2k〉b ∈ I3L, where D ∈ I L and
x, y ∈ L such that x2 + y2k 	= 0. Hence, θ1 ⊥ CL ⊥ θ2 ∈ I3L, where θ2 = 〈1,det D〉b ⊗〈1, x2 + y2k〉. Now,
by specializing the variables deﬁning the ﬁeld L to suitable scalars in F , we deduce by [9] that
C ⊥ γ1 ⊥ γ2 ∈ I3F (1)
where γ1 and γ2 are 2-fold bilinear Pﬁster forms over F . If we extend (1) to the ﬁeld F (B), we get
τ ⊥ (γ1 ⊥ γ2)F (B) ∈ I3F (B). Hence, the Albert bilinear form θ that we need is the orthogonal sum of
the pure parts of γ1 and γ2.
Furthermore, suppose that dim B > 8. We have to prove that there exists a unique form λ in BP2(F )
such that τ is similar to λF (B) .
Let ρ = θan. Since τ  0, it follows from the Hauptsatz that dimρ ∈ {4,6}. By [5, Th. 1.1] the
bilinear form ρF (B) is anisotropic. By the Hauptsatz, we have ρF (B)(τ ) ∼ 0, and thus, by [11, Th. 1.2]
dimρF (B) is divisible by 4. Hence, dimρF (B) = 4, i.e., dimρ = 4. Hence, ρ is similar to a form in
BP2(F ), denoted by λ. By the Hauptsatz τ  λF (B) , and thus τ is deﬁnable over F . For the uniqueness
of λ, let δ be another form in BP2(F ) satisfying τ  δF (B) , then (λ ⊥ δ)F (B) ∼ 0. Since dim(λ ⊥ δ)an < 8,
it follows from [11, Prop. 1.1] that λ  δ.
(2) Suppose that dim B > 2d+1 and τ ⊥ CF (B) ∈ Id+2F (B). Let λ be as in (1) if d = 2, or λ =
〈1,det C〉b if d = 1. Suppose that one of the following conditions holds:
(C1) BF (λ) is anisotropic.
(C2) CF (λ) is metabolic.
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The form λF (B) is similar to τ . Hence, (C ⊥ λ)F (B) ∈ Id+1F (B). By using dim B > 2d+1 and Proposi-
tion 3.3, we get C ⊥ λ ∈ Id+1F . Moreover,
(C ⊥ λ)F (B)(λ) ≡ (τ ⊥ λ)F (B)(λ)
(
mod Id+2F (B)(λ)
)
.
Since (τ ⊥ λ)F (B)(λ) is metabolic, it follows that C ⊥ λ + Id+2F (λ) belongs to the kernel of the homo-
morphism Id+1F (λ) −→ Id+1F (λ)(B).
Now, if the condition (C1) is satisﬁed, then Proposition 3.3 with the hypothesis dim B > 2d+1
implies that (C ⊥ λ)F (λ) ∈ Id+2F (λ). If the condition (C2) is satisﬁed, then it is clear that (C ⊥ λ)F (λ) ∈
Id+2F (λ). Hence, C ⊥ λ + Id+2F belongs to the kernel of Id+1F −→ Id+1F (λ). By Theorem 3.2, C ⊥
λ ⊥ ν ⊗ μ ∈ Id+2F for suitable ν ∈ I F and μ ∈ BPd(F ). Hence, C ⊥ λ ⊥ 〈1, β〉b ⊗ μ ∈ Id+2F , where
β = detν . The form λ ⊥ 〈1, β〉b ⊗ μ is isotropic (because λ and 〈1, β〉b ⊗ μ represent 1). Hence, by
the Hauptsatz, and after extending scalars to F (B), we get
τ ∼ (λ ⊥ 〈1, β〉b ⊗ μ)F (B) ∼ (λ′ ⊥ 〈β〉b ⊥ 〈1, β〉b ⊗ μ′)F (B),
where λ′ and μ′ denote the pure parts of λ and μ, respectively. Hence, iW ((λ′ ⊥ 〈β〉b ⊥ 〈1, β〉b ⊗
μ′)F (B)) = 2d − 1, and thus, any subform of λ′ ⊥ 〈β〉b ⊥ 〈1, β〉b ⊗ μ′ of dimension 2d+1 becomes
isotropic over F (B) [5, Lem. 2.11]. Since dim B > 2d+1, it follows from [5, Th. 1.1] that any subform of
λ′ ⊥ 〈β〉b ⊥ 〈1, β〉b ⊗μ′ of dimension 2d+1 is isotropic. Hence, dim(λ′ ⊥ 〈β〉b ⊥ 〈1, β〉b ⊗μ′)an < 2d+1.
Again, by [5, Th. 1.1], we conclude that τ is deﬁnable over F . Now, if ν and ν ′ are bilinear forms
over F such that τ  νF (B)  ν ′F (B) , then (ν ⊥ ν ′)F (B) is metabolic. Since dim B > 2d+1, it follows
from [11, Prop. 1.1] that ν ⊥ ν ′ is metabolic, i.e., ν  ν ′ . Hence, τ is deﬁned over F . Moreover, since
dim B > 2d+1, it follows that the unique bilinear form ν over F satisfying τ  νF (B) is similar to λ. 
4. Proof of Theorem 1.1
We give a lemma:
Lemma 4.1. Let B be an anisotropic bilinear form over F which is good of height 2 and degree > 0, and let
λF (B) be its leading form with λ a bilinear Pﬁster form over F . If B F (λ) is isotropic, then BF (λ) is metabolic.
Proof. Let α ∈ F (B)∗ be such that BF (B) ∼ α(λF (B)). Let [1, t−1] be the quadratic form given by the
polynomial x2 + xy+ t−1 y2 over the rational function ﬁeld F (t) in one variable t . The relation BF (B) ∼
α(λF (B)) implies that
B ⊗ [1, t−1]F (t)(B) ∼ α(ϕF (t)(B)),
where ⊗ means the module action of W (F (t)) on the Witt group Wq(F (t)) of nonsingular quadratic
forms over F (t) (see [2]), and ϕ = λ⊗[1, t−1]. Hence, B ⊗[1, t−1] is hyperbolic over F (t)(B)(ϕ). Since
BF (λ) is isotropic, it follows from [11, Prop. 3.9] that B ⊗ [1, t−1] is also hyperbolic over F (t)(λ)(ϕ).
Moreover, the extension F (t)(λ)(ϕ)/F (t)(λ) is purely transcendental, since ϕ is isotropic over F (t)(λ).
Hence, B ⊗ [1, t−1] is hyperbolic over F (t)(λ). By [13, Lem. 4.6], we conclude that BF (λ) ∼ 0. 
Proof of Theorem 1.1. Let B be an anisotropic bilinear form over F , good of height 2 and degree d = 1
or 2. Let λ be the unique form in BPd(F ) such that λF (B) is the leading form of B .
We know from [13, Th. 5.10] that dim B = 2n for some n  d + 1, or dim B = 2m − 2d for some
m  d + 2. Moreover, the classiﬁcation given in the theorem in the case n = d + 1 or m  d + 2 can
already be found in [13, Th. 5.10]. So, to complete our proof we have to consider the remaining case
n > d + 1.
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isotropic, then it is metabolic by Lemma 4.1. Hence, by applying statement (2) of Theorem 1.3 for
the forms τ := α(λF (B)) and C := B , we conclude that α(λF (B)) is deﬁned over F by a form similar
to λ. Hence, we may suppose that α ∈ F ∗ , and thus (B ⊥ αλ)F (B) ∼ 0. Since dim(B ⊥ αλ)an < 2n+1, it
follows from [11, Th. 1.2] that B ⊥ αλ ∼ π , where π ∈ GBPn(F ) and π˜ is similar to B˜ .
Conversely, if B ⊥ αλ ∼ π , where α ∈ F ∗ and π ∈ GBPn(F ) is similar to B˜ , then BF (B) ∼ (αλ)F (B) .
It follows from [5, Th. 1.1] that (BF (B))an  (αλ)F (B) . Hence, B is good of height 2 and degree d. 
5. Proof of Theorem 1.2
(1) We give an example of an anisotropic 8-dimensional bilinear form of height and degree 2
which is not good.
Let F = F2(x, y, z) be the rational function ﬁeld in the variables x, y, z over F2. Let us consider the
following forms:
θ = 〈x, y, xy,1+ x, z, z(1+ x)〉b,
B = 〈〈x, y〉〉 ⊥ (x+ y + z)〈〈1+ x, z〉〉.
It is easy to check that the bilinear forms B and θ are anisotropic. We have [F : F 2] = 8 since F =
F 2(x, y, z). By Remark 1.7, the forms B˜ and θ˜ are quasi-Pﬁster neighbors of π˜ , where π = 〈〈x, y, z〉〉.
By [4, Prop. 8.9], θ˜F (B) is isotropic, i.e., θF (B) is isotropic. We easily check that B ⊥ θ ∈ I3F . Hence, by
statement (2), B is of height and degree 2 but not good.
(2) Let B be an anisotropic bilinear form, and τ its leading form.
(a) Suppose that B is of height and degree 2 but not good: We have BF (B) ∼ ατ for a suitable scalar
α ∈ F (B)∗ . In particular, BF (B) ⊥ τ ∈ I3F (B). Since τ is not deﬁnable over F and dim B > 4, it
follows from statement (1) of Theorem 1.3 that dim B ∈ {6,8}. We discuss the two cases:
– Suppose dim B = 6: Then B is an Albert bilinear form since det B = 1.
– Suppose dim B = 8: By Theorem 1.3, there exists an Albert bilinear form θ such that τ ⊥ θF (B) ∈
I3F (B). The form θ is anisotropic, otherwise θan would be in GBP2(F ), and by the Hauptsatz τ
would be deﬁnable over F . Since (B ⊥ θ)F (B) ∈ I3F (B) and dim B > 4, it follows from Proposi-
tion 3.3 that B ⊥ θ ∈ I3F . By the Hauptsatz, θF (B)(τ ) ∼ 0. By [11, Th. 1.2] the form θF (B) cannot
be metabolic, and dim(θF (B))an is divisible by 4. Hence, dim(θF (B))an = 4, which means that
θF (B) is isotropic. The uniqueness of θ , up to similarity, is a consequence of [14, Th. 1.1].
(b) Conversely, if B is an Albert bilinear form, then we know by [13, Th. 5.10] that B is of height and
degree 2 but not good. So, suppose that dim B = 8 and B ⊥ θ ∈ I3F for some anisotropic Albert
bilinear form θ that becomes isotropic over F (B).
Let λ ∈ GBP2(F (B)) be such that θF (B) ∼ λ. The form B does not belong to GBP3(F ), otherwise
θ ∈ I3F , and by the Hauptsatz θ would be isotropic. Consequently, BF (B) is not metabolic [13, Cor. 5.5],
and thus 0 < dim(BF (B))an  6. Again by the Hauptsatz, the bilinear form (BF (B))an is metabolic over
F (B)(λ), and thus (BF (B))an ∈ GBP2(F (B)) [11, Th. 1.2]. Hence, B is of height and degree 2. Moreover,
if B is good and δ is the unique form in BP2(F ) such that τ  δF (B) , then we get B ⊥ δ ∈ I3F [13,
Prop. 5.3]. This implies that θ ⊥ δ ∈ I3F , and, again by [13, Prop. 5.3], the bilinear Albert form θ is
good, a contradiction. Hence, B is of height and degree 2, but not good. 
6. Proof of Proposition 1.5
We start with some preliminary results.
Lemma 6.1. Let L = F (√d ) with d ∈ F ∗ \ F ∗2 . An anisotropic bilinear form B becomes isotropic over L if and
only if B contains a subform similar to 〈1, x2 + d〉b for suitable x ∈ F such that x2 + d 	= 0 (this is equivalent
to saying that 〈1,d〉 is similar to a subform of B˜).
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isotropic. By [11, Lem. 3.4], there exist a 	= 0, b ∈ F such that the bilinear form B ′ given by the matrix(
a b
b ad
)
is a subform of B . It is easy to show that B ′ is similar to 〈1, x2 +d〉b , where x = 0 or x = b2a−2
according as b = 0 or not. Since B is anisotropic we have x2 + d 	= 0.
Since 〈1, x2 + d〉  〈1,d〉, it follows that the isotropy of BL is equivalent to saying that 〈1,d〉 is
similar to a subform of B˜ . 
Proposition 6.2. (See [12, Cor. 2.4].) If an anisotropic totally singular form ϕ over F represents a nonzero poly-
nomial p(x1, . . . , xn) over F (x1, . . . , xn), and if c = (c1, . . . , cn) ∈ Fn satisﬁes p(c) 	= 0, then p(c) ∈ DF (ϕ).
To prove Proposition 1.5 in dimension 3, we will adapt to our case some arguments used by Leep
in his complete answer to the isotropy of Albert quadratic forms over function ﬁelds of quadrics
in characteristic 	= 2 [15, Ch. XIII, Th. 2.13, pp. 489, 490] (cf. PhD thesis of Hoffmann [3]). Another
important ingredient that we will use is the norm theorem for bilinear forms due to Knebusch [9].
Proof of Proposition 1.5. Let θ be an anisotropic Albert bilinear form such that ndegF (θ˜) = 16. Let B
be an anisotropic bilinear form such that dim B ∈ {2,3}. Obviously, if B˜ is similar to a subform of θ˜ ,
then θF (B) is isotropic. Conversely, suppose that θF (B) is isotropic. We have to prove that B˜ is similar
to a subform of θ˜ .
(1) The case dim B = 2: By Lemma 6.1 the quadratic form B˜ is similar to a subform of θ˜ .
(2) The case dim B = 3: We may suppose that B  〈1,α,β〉b . Let F [t] be the polynomial ring in one
variable t , and F (t) its quotient ﬁeld. It is well known that the ﬁelds F (t)(B) and F (t)(〈1,α + βt2〉b)
are isomorphic. By Lemma 6.1, there exist polynomials f , g,h,h1, . . . ,h4 ∈ F [t] such that
θF (t)  f
〈
1, g2 + h2(α + βt2)〉b ⊥ 〈h1, . . . ,h4〉b, (2)
this implies the following
θ˜F (t)  f
〈
1,α + βt2〉⊥ 〈h1, . . . ,h4〉. (3)
It is clear that we may suppose that g and h are coprime, and that the polynomials f ,h1, . . . ,h4 are
square free.
Our aim is to reduce in (3) to the case where the polynomial f is constant, and after that we con-
clude, by Proposition 6.2, that θ˜ represents the scalars f , α f and β f . Since f 〈1,α,β〉 is anisotropic,
we deduce that f 〈1,α,β〉 = f B˜ is a subform of θ˜ .
Suppose that deg f > 0, and let p be a monic irreducible factor of f . Let F p denote the residue
ﬁeld of the p-adic valuation of F (t), and ∂1 : W (F (t)) −→ W (F p) the ﬁrst residue homomorphism.
• Suppose that α +βt2 is a square in F p  F [t]/(p), then α +βt2 = r2 + p · s for suitable r, s ∈ F [t].
We may suppose that deg r < deg p. If p is linear, then for a ∈ F such that p(a) = 0, we get
α + a2β = r(a)2, which implies that 〈1,α,β〉b is isotropic, a contradiction. Hence, deg p  2.
Consequently, deg s  deg p − 2 since deg(p · s) = deg(α + βt2 + r2)  2deg p − 2. Moreover,
p · s is represented by 〈1,α + βt2〉b . By the multiplicativity of quasi-Pﬁster forms, we get
f 〈1,α + βt2〉  f1〈1,α + βt2〉, where f1 = s· fp is of degree smaller than deg f .
• Suppose that α + βt2 is not a square in F p . This implies that p does not divide g2 + h2(α + βt2).
In fact, if p divides g2 + h2(α + βt2), then p does not divide h since g and h are coprime, which
implies that α + βt2 is a square in F p , a contradiction.
Since det θF (t) = (g2 + h2(α + βt2))h1h2h3h4 ∈ F (t)2, we have three possibilities:
(a) p | hi for 1 i  4;
(b) p only divides two polynomials among h1, . . . ,h4, say h1 and h2;
(c) p  hi for 1 i  4.
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∂1(θF (t)) ∼ θF p ∼ 0
or
∂1(θF (t)) ∼ θF p ∼ 〈h3,h4〉b
according as we are in case (a) or (b) (here u denotes the class of u ∈ F [t] in F p). In case (b) we get
h3h4 ∈ F 2p , and thus 〈h3,h4〉b ∼ 0. Hence, in both cases the form θ becomes metabolic over F p . By the
norm theorem, we deduce that p is a norm of θF (t) . Hence,
θ˜F (t)  f2
〈
1,α + βt2〉⊥ 〈 f · h1, . . . , f · h4〉,
where f2 = fp is of degree smaller than deg f .
– Case (c): We have ∂1(θF (t)) ∼ θF p ∼ 〈h1, . . . ,h4〉b , which implies that D := 〈h1, . . . ,h4〉b is similar
to a 2-fold bilinear Pﬁster form. If D is isotropic, then it is metabolic, and we may conclude as in the
previous cases.
So we suppose that D is anisotropic. Then, ndegF p (D˜) = 4.
Claim. NFp (θ˜F p ) ⊂ NFp (D˜), and thus ndegF p (θ˜F p ) 4.
To prove the claim it suﬃces to verify that DF (θ) ⊂ DFp (D). In fact, for every a ∈ DF (θ), we get
the following by (3):
k2a = f (l2 + (α + βt2)m2)+ 4∑
i=1
n2i hi
for suitable polynomials k, l,m,n1, . . . ,n4 ∈ F [t], which we may suppose coprime. If p divides
the polynomials k,n1, . . . ,n4, then p also divides l2 + (α + βt2)m2 since f is square free. Since
k, l,m,n1, . . . ,n4 are coprime, the polynomial p does not divide m. In particular, α + βt2 becomes
a square in F p , which is excluded. Hence, at least one polynomial among k,n1, . . . ,n4 is not divisible
by p. Moreover, since
k2a =
4∑
i=1
ni
2hi
and D is anisotropic, we conclude that p does not divide k. Hence, a ∈ DFp (D). This ﬁnishes the proof
of the claim.
Moreover, since θF p is isotropic, the polynomial p is inseparable, i.e.,
∂p
∂t = 0. Hence, we may write
F p = S( 2n
√
d ) for an integer n  1, a separable extension S/F and d ∈ S . Then, the norm degree of θ˜
decreases to 8 after extending scalars to F p . But by, the claim above, we have ndegF p (θ˜F p ) 4, which
is not possible. Hence, the case (c) does not happen.
Now in (3) we may change f by another polynomial f ′ such that deg f ′ < deg f . Let u1, . . . ,
u4 ∈ F [t] be such that
θ˜F (t)  f ′
〈
1,α + βt2〉⊥ 〈u1, . . . ,u4〉.
A. Laghribi, U. Rehmann / Journal of Algebra 322 (2009) 1–12 11It is clear that this isometry implies the following:
θF (t)  f ′
〈
1, (g′)2 + (α + βt2)(h′)2〉b ⊥ 〈v1, . . . , v4〉b
for suitable polynomials g′,h′, v1, . . . , v4 ∈ F [t].
If deg f ′ = 0 then we are done, if not, we apply to f ′ the same argument used for f to change f ′
with another polynomial of degree smaller than deg f ′ . By continuing this process we get the desired
conclusion. 
7. Proof of Proposition 1.6
Let B be an anisotropic bilinear form over F of dimension 8, and let τ be its leading form. Suppose
that F satisﬁes one of the following conditions:
(C1) Any form in BP4(F ) is isotropic.
(C2) Question 1.4 has a positive answer.
(1) ⇒ (2) Suppose that B is of height and degree 2 but not good. We have to prove that there
exist an anisotropic Albert bilinear form θ over F , a form π ∈ BP3(F ), and scalars x, y ∈ F ∗ such that
xB ⊥ yθ ⊥ π is metabolic, and the forms B˜ and θ˜ are similar to subforms of π˜ .
By Theorem 1.2 there exists an anisotropic Albert bilinear form θ which becomes isotropic over
F (B) and satisﬁes B ⊥ θ ∈ I3F . Then, by condition (C1) or (C2), the form θ˜ is a quasi-Pﬁster neighbor
since ndegF (θ˜ ) = 8.
Moreover, the isotropy of θF (B) implies that NF (B˜) ⊂ NF (θ˜). Since ndegF (B˜) 8, we conclude that
NF (B˜) = NF (θ˜). In particular, ndegF (B˜) = 8 and B˜ is also a quasi-Pﬁster neighbor. By [4, Th. 8.11], we
have dim(B˜ F (B))an = dim(θ˜F (B))an = 4. Moreover, θF (B) cannot be metabolic since dim B > dim θ . Then,
dim(θF (B))an = 4. We also have dim(BF (B))an = 4 since h(B) = 2. Now all this data with Proposition 2.1
imply the following:
BF (B)  xθ1 ⊥ 2× M(0), θF (B)  yθ2 ⊥ M(0) (4)
for suitable scalars x, y ∈ F (B)∗ and θ1, θ2 ∈ GBP2(F (B)).
On the one hand, x˜θ1 and y˜θ2 are deﬁnable over F since, by (4), x˜θ1  (B˜ F (B))an and y˜θ2 
(θ˜F (B))an (recall that the anisotropic part of a totally singular quadratic form over any ﬁeld exten-
sion is deﬁnable over the ground ﬁeld). In particular, xθ1 and yθ2 represent scalars in F ∗ , and hence
we may suppose that x, y ∈ F ∗ .
On the other hand, the condition B ⊥ θ ∈ I3F implies that θ1 ⊥ θ2 ∈ I3F (B), and by the Hauptsatz
we have θ1  θ2.
Then we may conclude from (4) that (xB ⊥ yθ)F (B) ∼ 0. Since ndegF (B˜) = 8, and xB ⊥ yθ is not
metabolic (because B is anisotropic), it follows from [11, Th. 1.2] that xB ⊥ yθ ∼ zπ for some z ∈ F ∗
and π ∈ BP3(F ) such that π˜ is similar to B˜ . In particular, NF (B˜) = NF (π˜ ). Since NF (θ˜ ) = NF (B˜) =
NF (π˜ ), it follows that θ˜ is similar to a subform of π˜ . After scaling the relation xB ⊥ yθ ∼ zπ by z,
we may suppose that xB ⊥ yθ ∼ π .
(2) ⇒ (1) Suppose we have an anisotropic Albert bilinear form θ , a form π ∈ BP3(F ), and scalars
x, y ∈ F ∗ such that xB ⊥ yθ ⊥ π is metabolic and the forms B˜ and C˜ are similar to subforms of π˜ .
We have to prove that B is of height and degree 2 but not good.
It follows from the hypothesis that xB ⊥ yθ ∈ I3F and the forms B˜ and θ˜ are quasi-Pﬁster
neighbors of π˜ . Consequently, θ˜F (B) is isotropic, i.e., θF (B) is isotropic and B ⊥ θ ∈ I3F (because
B ⊥ xB ∈ I3F and θ ⊥ yθ ∈ I3F ). By Theorem 1.2 we get that B is of height and degree 2 but not
good. 
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